Abstract. A Gorenstein polytope of index r is a lattice polytope whose rth dilate is a reflexive polytope. These objects are of interest in combinatorial commutative algebra and enumerative combinatorics, and play a crucial role in Batyrev's and Borisov's computation of Hodge numbers of mirror-symmetric generic Calabi-Yau complete intersections. In this paper, we report on what is known about smooth Gorenstein polytopes, i.e., Gorenstein polytopes whose normal fan is unimodular. We classify d-dimensional smooth Gorenstein polytopes with index larger than (d + 3)/3. Moreover, we use a modification of Øbro's algorithm to achieve classification results for smooth Gorenstein polytopes in low dimensions. The first application of these results is a database of all toric Fano d-folds whose anticanonical divisor is divisible by an integer r satisfying r ≥ d − 7. As a second application we verify that there are only finitely many families of Calabi-Yau complete intersections of fixed dimension that are associated to a smooth Gorenstein polytope via the Batyrev-Borisov construction.
1. Introduction from a combinatorial viewpoint 1.1. The combinatorial setting. Let us start by introducing the notions of reflexive and Gorenstein polytopes. We refer the reader to [BN08] and [Nil05] for more details and the algebro-geometric background. Let us fix a dual pair of lattices M and N. We define M R = M ⊗ Z R and its dual vectorspace N R analogously. A lattice polytope P ⊂ M R is the convex hull of finitely many lattice points (elements in the lattice M). If such a lattice polytope contains the origin in its interior, then the dual polytope P * is defined as P * = {y ∈ N R | y, x ≥ −1 for all x ∈ P }.
We remark that P * does not have to be a lattice polytope anymore. A reflexive polytope P ⊆ M R is a lattice polytope containing the origin in its interior such that P * is also a lattice polytope. A lattice polytope P is Gorenstein of index r, if rP is a reflexive polytope up to translation by a lattice point. This index is uniquely determined. In other words, Gorenstein polytopes of index r are in one-to-one correspondence to reflexive polytopes that are 'divisible' by r (i.e., if v is a vertex of such a reflexive polytopeP , then (P − v)/r is a lattice polytope). Two lattice polytopes are considered isomorphic (or unimodularly equivalent), if there is a lattice automorphism mapping their vertex sets onto each other. In each dimension there exist only finitely many reflexive polytopes up to isomorphisms. They are known up to dimension four by massive computer calculations by Kreuzer and Skarke [KS98, KS00] . Recently, Skarke described a procedure how to possibly extend their algorithm to Gorenstein polytopes [Ska12] . form a lattice basis. Alternatively, the associated normal fan is unimodular, respectively, its associated toric variety is nonsingular. We refer to [CLS11] for standard results in toric geometry.
Øbro described in [Øb07] an algorithm which has been used to classify all smooth reflexive polytopes for d ≤ 8. With an improved implementation, this was extended to d = 9 by Andreas Paffenholz and the first author, see [LP] . In this paper we apply a slightly modified version of his algorithm to compute high-dimensional smooth reflexive polytopes that are highly divisible. The algorithmic outcome of these computations is summarized in Table 1 . The database of these polytopes can be found online [LN] .
The reader might have noticed certain regularities in the table, if the index r is large. For instance, there is only one smooth Gorenstein polytope (the unimodular simplex, see Section 3.1) that satisfies r > ⌈ d+1 2 ⌉. These observations can be easily explained and follow from some well-known results in toric geometry. We refer to Theorem 3.2 in Section 3.1 for a description of all smooth Gorenstein polytopes of index r > 1.3. Motivation and background from a combinatorial viewpoint. In this paper we report on what is known for smooth Gorenstein polytopes of either 'small' dimension or 'large' index. Our goal is to provide the community with a database of interesting examples. Let us describe three areas of relevance, where Gorenstein polytopes turn up. So far, all smooth Gorenstein polytopes we checked confirmed the below mentioned conjectures.
• Combinatorial commutative algebra and enumerative combinatorics: Algebraically, being Gorenstein is equivalent to the fact that the semigroup algebra associated to the cone over a lattice polytope is a Gorenstein algebra, e.g., [MS05] . Combinatorially, this translates into the symmetry of the so-called Ehrhart h * -polynomial [Hib92] . The best-known example of a Gorenstein polytope is the Birkhoff polytope, the polytope of all doubly stochastic n × n-matrices (it has dimension n 2 − 2n + 1 and index n). • Ehrhart theory and Cayley polytopes: The index of a Gorenstein polytope is a special case of the codegree of a lattice polytope, which is defined as the minimal positive integer by which you have to multiply a lattice polytope so that it contains an interior lattice point. [Gub12] such as whether any smooth lattice polytope is normal.
• Combinatorial mirror symmetry: Gorenstein polytopes were originally introduced in [BB97] as an combinatorial framework incorporating the mirror symmetry phenomenon originally observed for Calabi-Yau manfolds. Gorenstein polytopes have a beautiful duality, and it is possible to define for any Gorenstein polytope a stringy E-polynomial [BM03, BN08, NS13] that has the same symmetry properties as the E-polynomial encoding the Hodge numbers of mirror-symmetric Calabi-Yau manifolds. Roughly speaking, these polynomials are sums over pairs of dual faces that sum up products of toric g-polynomials and Ehrhart h * -polynomials. In other words, they encode combinatorial as well as algebraic information of the Gorenstein polytope and its dual simultaneously. Because of their complicated nature, it seems to be very hard to show statements that are obvious from an algebro-geometric viewpoint (cf. Lemma 4.3) by using only their explicit combinatorial definition. Open questions about these polynomial invariants can be found in [BN08, NS13, Ska12] .
2. Introduction from the viewpoint of toric geometry 2.1. Toric Fano manifolds of large index. A Gorenstein Fano variety X is a ddimensional projective complex variety such that its anticanonical divisor −K X is an ample Cartier divisor. The index i X of X is defined as the largest positive integer r such that there exists some Cartier divisor D with −K X = rD. Of special importance in algebraic geometry are Fano manifolds, i.e., nonsingular (Gorenstein) Fano varieties. They are completely known up to dimension 3. In higher dimension, much work has been done to classify all Fano manifolds with large index. If X is smooth, then i X ≤ d + 1 with equality only for P d . By now, Fano manifolds with i X ≥ d − 2 or i X ≥ d+1 2 are completely known. We refer for these results to [Wiś91] and Section 2 in [AC12] with the references therein.
In the toric situation more can be shown. We refer to [CLS11, Section 8.3], and [KN12] for surveys on toric Fano varieties. Isomorphism classes of toric Fano manifolds X correspond bijectively to isomorphism classes of smooth reflexive polytopes P . Here, the index i X corresponds to the maximal r for which P is 'divisible' by r (as defined in Section 1.1). In particular, any such X is given by a smooth Gorenstein polytope of index i X . However, note that several smooth Gorenstein polytopes may define the same toric Fano variety (e.g., the reflexive polytope associated to P 3 is divisible by 1, 2 and 4). In other words, the reader should not confuse the index i X of X with the index r of a Gorenstein polytope.
From the classification of smooth Gorenstein polytopes in Section 3.1 we can deduce the following observation.
where a 1 , . . . , a t is some integer partition of d + 2 − 2r for
. In the last case, i X = r.
Here, an integer partition of N is a multiset of nonnegative integers summing up to N. Let us remark that we do not claim that the previous result is especially original, in fact, it seems to be folklore to experts in toric geometry, even if we couldn't find a reference in the literature.
By now, toric Fano manifolds are known up to dimension 9 by Øbro's algorithm [Øb07, LP] extending previous classifications [WW82, Bat81, Bat99, Sat06, KN09]. As an application of our algorithmic results (Table 1) combined with the previous proposition we can determine all non-isomorphic toric Fano manifolds with
Corollary 2.2. Let X be a toric Fano d-fold with index i X .
( The database of the associated smooth Gorenstein polytopes can be found online [LN] .
Complete intersection Calabi-Yau manifolds.
Over the last three decades mirror symmetry has spurred the interest in finding all possible Hodge numbers of CalabiYau n-folds, in particular, for n = 3. The 'Hodge diamond' of a Calabi-Yau threefold is completely described by the pair of Hodge numbers (h 1,1 , h 1,2 ). So far ten thousands of these pairs have been found [Jur, CCS12] , all of them in the range of h 1,1 + h 1,2 ≤ 502. This can be regarded as striking evidence for an affirmative answer to the following question attributed to Yau: are there only finitely many families of irreducible CalabiYau n-folds? For related results in this directions we refer to [GHL89, Dav11, CCC11, Che12, Ska12].
The vast amount of examples of Calabi-Yau manifolds are so-called CICY's: (resolutions of) generic complete intersection Calabi-Yau varieties in Gorenstein toric Fano varieties. Here, reflexive polytopes play a key role and were introduced for this purpose by Batyrev [Bat94] . To avoid confusion we adopt the notation in [Bat94] . We will omit technical details, the interested reader is invited to look at the survey paper [BN08] .
An s-dimensional reflexive polytope ∆ defines a Gorenstein toric Fano variety X given by the fan over the faces of ∆ * . A generic anticanonical hypersurface Y in X is a (possibly singular) Calabi-Yau variety of dimension s − 1. For s ≤ 4 it can be (crepantly) resolved by a Calabi-Yau manifold Y . Exploiting the duality of reflexive polytopes, Batyrev showed that for s = 4 the Calabi-Yau 3-folds Y , Y * constructed by ∆ and ∆ * in this way have mirror-symmetric Hodge numbers: [Bor93, BB96a, BB97] . A generic CICY Y of dimension s − r in an s-dimensional Gorenstein toric Fano variety X is given by a Minkowski decomposition of the reflexive polytope ∆ = ∆ 1 + · · · + ∆ r . Using such a datum, Batyrev and Borisov showed (in the notation of [BN08] ) that the stringy E-polynomial of Y
, a rather complicated combinatorial expression called the stringy E-polynomial of an associated Gorenstein polytope P of of index r and dimension d := s + r −1. We refer to Section 4.2 for details of the Batyrev-Borisov construction.
It is important to remark that not every Gorenstein polytope is given by such a Minkowski decomposition, still, E st (P ) is always of the form (2.1), so stringy Hodge numbers of Gorenstein polytopes are well-defined, see [NS13] . Moreover, we define the Calabi-Yau dimension of any Gorenstein polytope P of dimension d and index r as n := d+1−2r. Gorenstein polytopes also satisfy a beautiful duality, and under additional hypotheses (the existence of a so-called nef-partition) it is possible to show that a CICY has an analogously constructed mirror partner (on the level of stringy Hodge numbers), for more on this see [Bor93, BB96b, BB96a, BB97, BN08] .
After these preparations, we can state the result which originally motivated our investigations. (We remark that E st (P ) = 0, if n < 0, see [NS13] .) Theorem 2.3. Let P be a smooth Gorenstein polytope of Calabi-Yau dimension n ≥ 0 and of dimension d > 3n + 3. Then E st (P ) = E st (P ′ ) for P ′ a smooth Gorenstein polytope of Calabi-Yau dimension n and of dimension at most 3n+ 1. More precisely, E st (P ) equals the E-polynomial of an n-dimensional Calabi-Yau manifold Y given as the complete intersection in projective space Ps of generic hypersurfaces of degrees d 1 , . . . , dr ∈ Z ≥2 with d 1 + . . . + dr =s + 1, wheres ≤ 2n + 1. Any n-dimensional generic Calabi-Yau complete intersection associated to the Gorenstein polytope P (in the sense of BatyrevBorisov) is isomorphic to Y .
Since there are only finitely many Gorenstein polytopes in fixed dimension, this answers affirmatively for the special class of smooth Gorenstein polytopes Question 4.21 in [BN08] asking whether there should be (up to multiples) only finitely many stringy E-polynomials of Gorenstein polytopes of given Calabi-Yau dimension. In particular, the validity of this conjecture for any Gorenstein polytope would imply the finiteness of stringy Hodge numbers of all irreducible CICY's given by the Batyrev-Borisov construction. In our present situation the previous theorem shows even more:
Corollary 2.4. There are only finitely many families of (possibly singular) generic Calabi-Yau complete intersections of dimension n that are associated to smooth Gorenstein polytopes. Table 1 gives a complete list of all smooth Gorenstein polytopes of Calabi-Yau dimension n ≤ 3 up to large d. Note that by Theorem 2.3 it is enough to consider d ≤ 12 for n = 3. Of course, the assumption of smoothness is very strong and yields only very few Gorenstein polytopes. The subtle issue which of the stringy Hodge numbers of these Gorenstein polytopes are realized by CICY's is addressed in Section 6. In particular, we find 7 Hodge numbers of Calabi-Yau 3-folds that are not yet contained in the database [Jur] by Benjamin Jurke.
Remark 2.5. Let us remark that in [Ska12] the Kreuzer-Skarke algorithm was extended to a potential classification procedure of Gorenstein polytopes of given d and n, however, it is unclear yet how computationally feasible this will be. Lists of Gorenstein polytopes with n = 3 coming from so-called basic IP weight systems can be found on the webpage [KS] .
The paper is organized as follows: Section 2 gives a combinatorial proof of the classification of smooth Gorenstein polytopes with large index (Theorem 3.2). Section 3 deduces Proposition 2.1 and Theorem 2.3. Section 4 explains the classification algorithm. Finally, Section 5 discusses the realization of stringy Hodge numbers by CICY's.
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Smooth Gorenstein polytopes of large index
3.1. Cayley polytopes. For convenience, we will denote the lattice by Z d , as long as it is not important to differentiate between M or N.
For d a positive integer we define the unimodular d-simplex as
where e 1 , . . . , e d is a lattice basis.
Definition 3.1. Let P 0 , . . . , P k ⊂ R s be lattice polytopes. Then we define the Cayley polytope of P 0 , . . . , P k as
where e 0 , . . . , e k is a lattice basis of R k+1 . Here, P 0 , . . . , P k are called Cayley factors. Note that if the dimension of the affine span aff(P 0 , . . . , P k ) equals s, then the Cayley polytope is a lattice polytope of dimension s + k. Now, we can formulate the following result. if and only if
2 ) (4) P ∼ = (a 1 + 1)S d+1−r * · · · * (a t + 1)S d+1−r * S d+1−r * · · · * S d+1−r , where there are
Cayley factors, and a 1 , . . . , a t is an integer partition of d + 2 − 2r. Different integer partitions in (4) yield non-isomorphic Gorenstein polytopes.
While strictly speaking not necessary, we will often express bounds in terms of the Calabi-Yau dimension n := d + 1 − 2r, since this is closer to the point of view of our paper. Note that
We will give a combinatorial proof of Theorem 3.2 in the remainder of this section.
Remark 3.3. For the algebro-geometric reader this is how we will proceed. It follows from Mukai's conjecture [Cas06, NO10] that large index implies Picard number ρ ≤ 2.
In the toric situation Kleinschmidt [Kle88] showed that these Fano manifolds have to be projective toric bundles. It remains to use the assumption on the index to specify them and their associated reflexive polytopes. This can be done using numerical criteria. The proof presented here follows along these lines. It is slightly longer, but more elementary and combinatorial.
3.2. Bounding the number of vertices. We denote by V the vertex set of a polytope. Let us consider a d-dimensional simplicial reflexive polytope Q ⊂ N R (i.e., dual to a simple reflexive polytope). Casagrande defined in [Cas06] the number
where F u defines the facet of the dual polytope Q * corresponding to the vertex u of Q. Here ·, · denotes the inner pairing of N and M.
Casagrande showed the following result (Theorem 3(ii) in [Cas06] ). For readers with a background in algebraic geometry, this proved the validity of Mukai's conjecture ρ X (i X − 1) ≤ d (where ρ X is the Picard number) for Q-factorial Gorenstein toric Fano varieties X. 
The following observation is also well-known (Lemma 2 in [Cas06] ):
Lemma 3.5. Let P be a simple Gorenstein polytope of index r. Then (rP ) * is a simplicial reflexive polytope with δ (rP ) * ≥ r − 1 .
From these results it is straightforward to deduce an upper bound on the number of vertices of a simple Gorenstein polytope of small Calabi-Yau dimension.
Proposition 3.6. Let P be a simple Gorenstein polytope of Calabi-Yau dimension n and of dimension d > 3n + 3. Then (rP ) * is a simplex or has d + 2 vertices.
Proof. If r = 1, then n = d − 1, so 3n + 3 = 3d > d, a contradiction. Hence, r > 1. Let us consider the simplicial reflexive polytope Q := (rP ) * . Then Theorem 3.4 and Lemma 3.5 imply
The statement follows now from 2d
Remark 3.7. Let us note that the bound is sharp: for any n ≥ 0, the smooth Gorenstein polytope P = S n+1 × S n+1 × S n+1 has dimension d = 3n + 3, Calabi-Yau dimension n and d + 3 vertices.
3.3. Proof of Theorem 3.2. By Proposition 3.6 we only have to consider two cases in order to prove Theorem 3.2: either P is a simplex or it has d + 2 facets.
Proposition 3.8. Let P be a smooth Gorenstein simplex of Calabi-Yau dimension n and of dimension d ≥ 3n. Then either n < 0 and P ∼ = S d , or n = 0 and P ∼ = 2S d (with odd d).
Proof. In this case,
For n ≤ −1, we get k < 2, so k = 1. For n = 0, we have k = 2, as desired. Finally, let n > 0, so k ≥ 3. In particular,
The following statement can be deduced from [BN08, Theorem 2.6]. Recall that S d is a smooth Gorenstein polytope of index d + 1. In our situation, the converse also holds.
Proposition 3.10. Let P be a smooth Gorenstein polytope of dimension d ≥ 3n+3 such that (rP ) * has d + 2 vertices. Then n ≥ −1 and there exists a unique integer partition a 1 , . . . , a t of n + 1 such that
where there are r Cayley factors.
Recall that we consider integer partitions as multisets (so uniqueness is up to permutation).
Proof. By Kleinschmidt's classification of nonsingular toric Fano varieties whose associated fan has d + 2 rays [Kle88] (see also Section 7.3 in [CLS11]), we can assume that the vertices of the reflexive polytope (rP ) * are of the following form:
Combinatorially, (rP ) * is a free sum (i.e., dual to the product) of a k-dimensional simplex and a (d − k)-dimensional simplex. This implies that the vertices of rP are of the following types, where all entries not specified are equal to −1 (here i ∈ {1, . . . , k}, j ∈ {k + 1, . . . , d}): , . . .
Note that r divides k + 1, and thus d + 2 − m. By our assumption
which implies d + 2 − m = 2r and k + 1 = r. Therefore, P is isomorphic to the Cayley polytope S d+1−r * (a 1 + 1)S d+1−r * · · · * (a k + 1)S d+1−r , where k i=1 a i = m = n + 1. Moreover, by construction, the polytopes do not depend on the ordering of these numbers, so by choosing t ≤ k non-zero a i 's the result follows. Finally, different multisets of coefficients define non-isomorphic Cayley polytopes, since
is the unique affine relation of the vertices of (rP )
* , see also [Kle88] .
, then Proposition 3.8 implies cases (1) and (2), while Proposition 3.10 yields (3) for n = −1 (all a i 's are equal to 0), and (4) for n ≥ 0. The 'if'-statement follows for (4) from Lemma 3.9.
It is a somewhat lucky coincidence that the essentially same bound appears quite naturally in Propositions 3.6 and 3.10. One should also compare this with the fact [Ska12, Lemma 2] that any so-called basic IP weight system (the building blocks of Gorenstein polytopes in Skarke's classification algorithm) satisfy d ≤ 3n − 1.
Applications to Fano manfolds and Calabi-Yau varieties
4.1. Toric Fano manifolds of large index. Let us prove Proposition 2.1 by translating Theorem 3.2 into algebraic geometry.
Lemma 4.1. Let s, l ∈ Z >0 , and c 1 , . . . , c l ∈ N. Then S s * (c 1 + 1)S s * · · · * (c l + 1)S s ⊂ M R defines a toric projective bundle
For a proof of this fact see [Kle88] or [CLS11, Section 7.3].
Proof of Proposition 2.1. Let X be a toric Fano d-fold with r := i X > d+3 3
. Then there exists a smooth Gorenstein polytope P ⊂ M R such that the reflexive polytope rP is associated to the anticanonical divisor −K X . Now, we apply Theorem 3.2 and the previous Lemma. The converse statement follows from combining the previous Lemma with Lemma 3.9.
Let us note that we recover a result of Wiśniewski [Wiś91] in this toric setting. . Then X is isomorphic to one of the following cases:
•
Proof. The case d = 3 is well-known, it can also be easily checked using the database.
, the statements follow immediately from Proposition 2.1.
4.2.
Calabi-Yau complete intersections. Let us recall the so-called Batyrev-Borisov construction (see [BN08] for a survey). Let ∆ ⊂ M R be a reflexive polytope of dimension s and lattice polytopes ∆ 1 , . . . , ∆ r ⊂ M R such that
where we add sets pointwise (Minkowski summation). Now, the intersection of the generic hypersurfaces given by the generic Laurent polynomials
for i = 1, . . . , r defines a complete intersection in (C * ) s , whose compactification in P s is a Calabi-Yau variety Y (a CICY) of dimension n := s − r. On the other hand, one can define the Cayley polytope P := ∆ 1 * · · · * ∆ r , which is a Gorenstein polytope of dimension s + r −1 and of index r. Note that P has Calabi-Yau dimension d + 1 −2r = n. Now, the stringy E-polynomial of Y equals the stringy E-polynomial of P (as defined in [BN08] based on [BM03] , see also [NS13] ).
The proof of Theorem 2.3 will be a direct consequence of the following observation. It is straightforward from an algebro-geometric viewpoint, however it seems to be quite a challenge to prove it using combinatorics only! , so only cases (2) and (4) may occur in Theorem 3.2. In case (2), we have n = 0, and
, see e.g. Example 4.12 in [BN08] . Hence, it suffices to consider case (4). We may assume that a 1 , . . . , a t are all positive integers (since their sum equals n+1 ≥ 1). Now, Lemma 4.3 shows that it suffices to consider t = r (note again that a i = 0 for i > t). Therefore,
This proves the first statement. The second claim follows from s = d + 1 − r = n + r ≤ 2n + 1 and the proof of Lemma 4.3.
For the last statement of the theorem, let P be a Gorenstein polytope associated to a Minkowski decomposition ∆ = ∆ 1 + · · · + ∆ r as above, i.e., (4.1) P = ∆ 1 * · · · * ∆ r .
Let d > 3n+3. Again, we have two cases. If n = 0, then P ∼ = 2S d , hence r = 1 (since 2S d is not a Cayley polytope). Therefore, d = 2, a contradiction to d > 3n + 3. Therefore, we are in case (4) of Theorem 3.2, so by Definition 3.1 (4.2) P ∼ = conv((a 1 + 1)S s × e 1 , . . . , (a t + 1)S s × e t , S s × e t+1 , . . . , S s × e r ), where a 1 , . . . , a t is an integer partition of n + 1. Equation (4.1) implies the existence of a surjective, affine lattice homomorphism φ : P → S r−1 . We may assume a 1 > 0.
Since for every vertex of (a 1 + 1)S s × e 1 every adjacent edge contains a lattice point in its relative interior, φ((a 1 + 1)S s × e 1 ) has to be a vertex of S r−1 . Hence, S s × e 1 lies in the fiber space of φ. Therefore, every factor in expression (4.2) maps onto a vertex via φ. Since the map is surjective and there are r factors, it follows that these two Cayley decompositions are the same (up to a permutation of the factors). Hence, the Minkowski decomposition of ∆ equals up to permutation and translations by lattice points the Minkowski decomposition (s+1)S s = (a 1 +1)S s +· · ·+(a t +1)S s +S s +· · ·+S s . This implies the statement (e.g., as in the proof of Lemma 4.3).
In the notation of [BB97, BN08, Ska12] , this shows that for d > 3n + 3 the 'reflexive Gorenstein cone' over P is 'completely split'.
The classification algorithm for smooth Gorenstein polytopes of given index
Let us briefly describe the modified version of the algorithm to classify smooth Fano polytopes by Mikkel Øbro [Øb07] . The key ingredient for his algorithm is the notion of a special facet.
Definition 5.1. Let P be a reflexive polytope, a facet F of P is called special, if the sum of all vertices v 1 , . . . , v k of P is a point within the cone over the facet F , i.e., k i=0 v i ∈ cone(F ) . Clearly, every reflexive polytope has at least one special facet. Now, let P be a smooth reflexive d-polytope. Then the dual polytope P * is a simplicial reflexive polytope where the vertices of each facet form a lattice basis of Z d . Let us denote here such reflexive polytopes as dual-smooth. By applying a unimodular transformation, we can assume that conv(e 1 , . . . , e d ) is a special facet of P * . Øbro has shown that all remaining vertices of such a dual-smooth reflexive polytope must lie within some explicit finite set. The original algorithm enumerates this set in a clever way to efficiently generate all dualsmooth reflexive polytopes. Now, because minus the all-one vector defines the special facet we used for the canonicalization (since it evaluates to −1), by Lemma 3.5 we know that every other vertex v of P * must evaluate to −1, v ≥ r − 1. Using this property we can further restrict the set of possible vertices. By adding this condition to the original algorithm we were able generate a superset of all simplicial reflexive polytopes whose dual polytopes are r-multiples of smooth Gorenstein polytopes for given dimension d and index r larger than some r 0 . For d = 10 and r ≥ 3 this algorithm took about 1 hour. This should be compared to two weeks for the original (parallelized) algorithm without additional conditions for d = 9. Table 1 contains all isomorphism classes for values of d and r that we could compute so far.
6. Realization of stringy Hodge numbers by Calabi-Yau complete intersections Table 1 combined with Theorem 3.2 gives a complete enumeration of all smooth Gorenstein polytopes P with Calabi-Yau dimension 0 ≤ n ≤ 3. In this section, we would like to discuss which stringy Hodge numbers of these smooth Gorenstein polytopes are possibly realized by Calabi-Yau complete intersections.
First, let us recall that every Gorenstein polytope P has a dual Gorenstein polytope P × of same dimension, same index, and same Calabi-Yau dimension n, see [BB97] or [BN08] , satisfying the combinatorial mirror symmetry
In particular, for n = 3, the stringy Hodge numbers (h 1,1 , h 1,2 ) are interchanged between P and P × , see [BB96a, BN08, NS13] . Figure 1 shows the complete list of pairs (h 1,1 , h 1,2 ) of stringy Hodge numbers of P × for n = 3 and d ≤ 12. Note that by Theorem 2.3 this is the complete list for n = 3.
To compute the stringy Hodge numbers of these polytopes we implemented the formula for the stringy E-polynomial described in [BN08, Definition 4.8] in the polymake framework [GJ00] , using an interface to Normaliz [BIS, BIS12] for the Ehrhart h * -polynomials. Remark 6.1. We note that for n = 3 the 12-dimensional smooth Gorenstein polytope P from Remark 3.7 has Hodge-pair (2, 52) which did not appear for any of the polytopes of lower dimension, indicating that the bound 3n + 3 in Theorem 2.3 could indeed be sharp. However, for general n we cannot rule out yet that the stringy E-polynomial of this example might appear for some smooth Gorenstein polytope of lower dimension. In fact, for n = 3 there exists a 6-dimensional (non-smooth) Gorenstein polytope with this pair of Hodge numbers [KS] .
As it turns out, all of these 'virtual' stringy Hodge numbers indeed equal the Hodge numbers of Calabi-Yau manifolds. To prove this, let us recall the definition of normality. Definition 6.2. A d-dimensional lattice polytope P ⊆ R d is normal (or integrally closed), if the semigroup of lattice points in the cone C P := R ≥0 (P × {1}) ⊂ R d+1 is generated by lattice points in C P ∩ R d × {1}.
Proposition 6.3. Let P be a Gorenstein polytope of Calabi-Yau dimension n. If P is normal, then there exists a Calabi-Yau variety Y * of dimension n such that E st (P × ) equals the stringy E-polynomial of Y * . Moreover, if n ≤ 3, then we can assume that Y * is smooth.
Proof. As follows from [BN08, Cor.2.12], P × is a Cayley polytope of length r, say, P × = ∇ 1 * · · · * ∇ r in the notation of [BN08] . Therefore, e.g. by [BN08, Thm.2.6], ∇ 1 +· · ·+∇ r =: Q ⊂ N R is a reflexive polytope of dimension s := d + 1 − r. In particular, there exists an associated generic n-dimensional CICY Y * in the Gorenstein Fano toric variety X * associated to Q. By the very definition of the stringy E-polynomial of Gorenstein polytopes, E st (Y * ) = E st (P × ). Let n ≤ 3. Let us recall the argument given in [Bat94] . We choose a maximal projective crepant partial desingularization (MPCP) X * of X * in the sense of [Bat94] . This induces an MPCP from a CICY Y * in X * to Y * , where Y * is again a Calabi-Yau variety whose stringy E-polynomial equals E st (Y * ). Note that the cones of dimension ≤ 3 of the fan corresponding to X * are unimodular, so the toric strata of X * of dimension ≥ s − 3 are smooth (e.g., [Bat94, Thm.2.2.9]). Since Y * is generic of dimension ≤ 3, it avoids toric strata of dimension < s − 3, hence Y * is smooth.
There is a famous open conjecture: Smooth polytopes are normal. We verified it for all smooth Gorenstein polytopes we could compute. In particular, by Theorem 2.3 this observation implies: Corollary 6.4. All stringy E-polynomials of duals of smooth Gorenstein polytopes with Calabi-Yau dimension n ≤ 3 equal the E-polynomial of some Calabi-Yau manifold of dimension n in a Gorenstein toric Fano variety of dimension s ≤ 2n + 2.
Proof. It remains to consider the case s ≥ 2n + 3, hence r = s − n ≥ n + 3, thus d = s + r − 1 ≥ 3n + 5, in which case Theorem 2.3 implies the statement.
Remark 6.5. Among the Hodge numbers listed in Figure 1 the pairs   (84, 0), (85, 1), (52, 2), (69, 1), (65, 1), (55, 2), (63, 2) are not yet contained in the online database 'Calabi-Yau 3-fold explorer' by Benjamin Jurke [Jur] . The associated smooth Gorenstein polytopes P can be found on the webpage [LN] . We note that for the first five of these pairs Gorenstein polytopes with these stringy Hodge numbers can also be found in [KS] .
Remark 6.6. Among the stringy Hodge-numbers of the smooth Gorenstein polytopes themselves (i.e., not their duals), only the pairs (1, 69) and (1, 85) are not contained in the database of known Hodge numbers of Calabi-Yau 3-folds [Jur] . However, all three corresponding dual Gorenstein polytopes P × are neither normal, nor do they contain a special (r − 1)-simplex (in the sense of [BN08] ). Hence, we cannot deduce whether there are CICY's associated to these smooth Gorenstein polytopes P .
